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The pseudo-SU(3) model has been extensively used to study normal parity bands
in even-even and odd-mass heavy deformed nuclei. The use of a realistic Hamil-
tonian that mixes many SU(3) irreps has allowed for a successful description of
energy spectra and electromagnetic transition strengths. While this model is pow-
erful, there are situations in which the intruder states must be taken into account
explicitly. The quasi-SU(3) symmetry is expected to complement the model, al-
lowing for a description of nucleons occupying normal and intruder parity orbitals
using a unified formalism.
1. Introduction
The SU(3) shell model1 has been successfully applied to a description of the
properties of light nuclei, where a harmonic oscillator mean field and a resid-
ual quadrupole-quadrupole interaction can be used to describe dominant
features of the nuclear spectra. However, the strong spin-orbit interaction
renders the SU(3) truncation scheme useless in heavier nuclei, while at the
∗This work was supported in part by CONACyT (Me´xico) and the US National Science
Foundation.
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same time pseudo-spin emerges as a good symmetry2.
The pseudo-SU(3) model2,3 has been used to describe normal parity
bands in heavy deformed nuclei. The scheme takes full advantage of the
existence of pseudo-spin symmetry, which refers to the fact that single-
particle orbitals with j = l − 1/2 and j = (l − 2) + 1/2 in the η shell lie
close in energy and can therefore be labeled as pseudo-spin doublets with
quantum numbers j˜ = j, η˜ = η − 1 and l˜ = l − 1. The origin of this
symmetry has been traced back to the relativistic Dirac equation4.
A fully microscopic description of low-energy bands in even-even and
odd-A nuclei has been developed using the pseudo-SU(3) model5. The first
applications used pseudo-SU(3) as a dynamical symmetry, with a single
irreducible representation (irrep) of SU(3) describing the yrast band up to
the backbending region5. On the computational side, the development of a
computer code to calculate reduced matrix elements of physical operators
between different SU(3) irreps6 represented a breakthrough in the develop-
ment of the pseudo-SU(3) model. With this code in place it was possible
to include symmetry breaking terms in the interaction.
Once a basic understanding of the pseudo-SU(3) model was achieved and
computer codes enabling its application developed, a powerful shell-model
theory for a description of normal parity states in heavy deformed nuclei
emerged. For example, the low-energy spectra and B(E2) and B(M1) elec-
tromagnetic transition strengths have been described in the even-even rare
earth isotopes 154Sm, 156,158,160Gd, 160,162,164Dy and 164,166,168Er7,8,9,10
and in the odd-mass 157Gd, 159,161Tb, 159,163Dy, 159Eu, 161,169Tm, and
165,167Er nuclei11,12,13.
In the present contribution we review recent results obtained using a
modern version of the pseudo-SU(3) formalism, which employs a realis-
tic Hamiltonian with single-particle energies plus quadrupole-quadrupole
and monopole pairing interactions with strengths taken from known
systematics11,12. Its eigenstates are linear combinations of the coupled
pseudo-SU(3) states. The quasi SU(3) approach for intruder states is also
discussed, together with its implications regarding a unfied description of
a system with nucleons occupying normal and intruder parity orbitals.
2. The Pseudo SU(3) Basis and Hamiltonian
Many-particle states of nα active nucleons in a given normal parity shell
ηα, α = ν (neutrons) or π (protons), can be classified by the group chain
U(ΩNα ) ⊃ U(Ω
N
α /2)× U(2) ⊃ SU(3)× SU(2) ⊃ SO(3)× SU(2) ⊃ SUJ(2),
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where each group in the chain has associated with it quantum numbers that
characterize its irreps.
The most important configurations are those with highest spatial
symmetry5,14. This implies that S˜pi,ν = 0 or 1/2, that is, the configu-
rations with pseudo-spin zero for an even number of nucleons or 1/2 for an
odd number are dominant. In some cases, particularly for odd-mass nuclei,
states with S˜pi = 1 and S˜ν =
3
2 must also be taken into account, allowing for
coupled proton-neutron states with total pseudo-spin S˜ = 12 ,
3
2 or
5
2 . Since
pseudo-spin symmetry is close to an exact symmetry in the normal parity
sector of the space, a strong truncation of the Hilbert space can be invoked.
However,the pseudo spin-orbit partners are not exactly degenerate and this
introduces a small pseudo-spin mixing in the nuclear wave function.
The Hamiltonian,
H = Hsp,pi +Hsp,ν −
1
2
χ Q˜ · Q˜− Gpi Hpair,pi (1)
− Gν Hpair,ν + a K
2
J + b J
2 + Asym C˜2,
includes spherical Nilsson single-particle energies for π and ν as well as the
pairing and quadrupole-quadrupole interactions, with their strengths taken
from systematics13,15. Only the parameters a, b and Asym are used fit to
the data. A detailed description of each term in the Hamiltonian (1) can
be found in Ref.12.
The electric quadrupole operator is expressed as5
Qµ = epiQpi + eνQν ≈ epi
ηpi + 1
ηpi
Q˜pi + eν
ην + 1
ην
Q˜ν , (2)
with effective charges epi = 2.3 and eν = 1.3
5,7. The magnetic dipole
operator is
T 1µ =
√
3
4π
µN{g
o
piL
pi
µ + g
S
piS
pi
µ + g
o
νL
ν
µ + g
S
ν S
ν
µ} (3)
where the ‘quenched’ g factors for π and ν are used. To evaluate the M1
transition operator between eigenstates of the Hamiltonian (1), the pseudo
SU(3) tensorial expansion of the T1 operator (3)16 was employed.
3. Some representative results
The experimental and theoretical ground-, beta- and gamma-bands in 166Er
are shown in Fig. 1. Having a close connection with the rotor Hamiltonian,
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Figure 1. Energy spectra of 166Er
the pseudo SU(3) model is particularly well suited to describe these bands.
The term proportional to K2J allows the position of the gamma (KJ = 2)
band-head to be fit, a particularly difficult task in many fermionic models.
Experimental and theoretical B(E2) transition strengths in 166Er are
shown in Table 1. Effective charges used are 1.25e and 2.25e. Transitions
between states in the ground-state band are of the order of e2b2, while those
from the γ− to ground-state bands are far smaller. The agreement with
the experimental information is remarkable.
Table 1. Experimental and theoretical
B(E2) transition strengths for 166Er.
Ji → Jf B(E2)[e
2b2 × 10−2]
Exp. Th.
0gs → 2gs 580 ± 27 580
2gs → 4gs 303 ± 20 299
4gs → 6gs 273 ± 35 265
6gs → 8gs 258 ± 35 251
2γ → 4gs 0.363 ± 0.027 1.485
2γ → 2gs 4.915 ± 0.038 10.310
0gs → 2γ 15 ± 1 17
4gs → 5γ ≥ 0.27 3.22
November 13, 2018 21:56 WSPC/Trim Size: 9in x 6in for Proceedings hirsch
5
0
400
800
1,200
1,600
Exp Theo
163
Dy
Energy
[keV]
band A
(g.s.b.)
band B
band C
band D
band E
band F
band G
5
 
7
 
9
 
11
 
(13
 
)
(15
 
)
(17
 
)
5
 
7
 
9
 
11
 
13
 
15
 
17
 
(1
 
)
3
 
(5
 
)
7
 
(9
 
)
(11
 
)
1
 
3
 
5
 
7
 
9
 
11
 
(3
 
)
(5
 
)
(7
 
)
9
 
3
 
5
 
7
 
9
 
(1
 
)
(3
 
)
(5
 
)
(7
 
)
1
 
3
 
5
 
7
 
5
 
(7
 
)
(9
 
)
5
 
7
 
9
 
11
 
13
 
15
 
(1
 
)
3
 
(5
 
)
1
 
3
 
5
 
7
 
9
 
11
 
13
 
(1
 
)
(3
 
)
5
 
1
 
3
 
5
 
7
 
9
 
11
 
13
 
Figure 2. Energy spectra of 163Dy.
Fig. 2 shows the yrast and six excited normal parity bands in 163Dy.
The integer numbers denote twice the angular momentum of each state.
Experimental17 energies are plotted on the left-hand-side of each column,
while their theoretical values are shown in the right-hand-side. These
results should be compared with the three bands described in an earlier
study13, where the same Hamiltonian and parametrization was employed
but the Hilbert space was restricted to S˜pi = 0 and S˜ν =
1
2 states. The
present description reproduces almost all the data reported for normal par-
ity bands in this nucleus.
Table 2 shows the B(E2) intra- and inter-band transition strengths for
167Er, in units of e2b2× 10−2. Effective charges were 1.3e and 2.3e. Exper-
imental data are shown with error bars in the figure and in parenthesis in
the table. As usual, the intra-band transitions are in general two orders of
magnitude larger than the inter-band transition strengths. In both cases
the agreement with experiment is very good.
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Table 2. Theoretical B(E2) transition strengths for
167Er.
J−i → J
−
f
B(E2) J−i → J
−
f
B(E2)
1/2−
1
→ 3/2−
1
275 5/2−
2
→ 7/2−
2
310
3/2−
1
→ 5/2−
1
59 7/2−
2
→ 9/2−
3
252
5/2−
1
→ 7/2−
1
25 9/2−
3
→ 11/2−
4
186
7/2−
1
→ 9/2−
1
15 5/2−
2
→ 9/2−
3
100
9/2−
1
→ 11/2−
1
10 7/2−
2
→ 11/2−
4
151
11/2−
1
→ 13/2−
2
10
1/2−
1
→ 5/2−
1
415
3/2−
1
→ 7/2−
1
353
5/2−
1
→ 9/2−
1
328
7/2−
1
→ 11/2−
1
308
9/2−
1
→ 13/2−
2
301
The results shown above faithfully display the usefulness of the pseudo
SU(3) model in the description of normal parity bands in heavy deformed
nuclei. However, as already mentioned, the role of nucleons in intruder
parity orbitals cannot be underestimated. The quasi SU(3) symmetry offers
the possibility to describe them in similar terms as those occupying normal
parity orbitals.
4. Quasi SU(3) symmetry
The “quasi SU(3)” symmetry, uncovered in realistic shell-model calcula-
tions in the pf-shell, describes the fact that in the case of well-deformed
nuclei the quadrupole-quadrupole and spin-orbit interactions play a domi-
nant role and pairing can be included as a perturbation. In terms of a SU(3)
basis, it is shown that the ground-state band is built from the S = 0 leading
irrep which couples strongly to the leading S = 1 irreps in the proton and
neutron subspaces. Furthermore, the quadrupole-quadrupole interaction
was found to give dominant weights to the so-called “stretched” coupled
representations, which supports a strong SU(3)-dictated truncation of the
model space.
The interplay between the quadrupole-quadrupole and the spin-orbit
interaction has been studied in extensive shell-model calculations18 as well
as in the SU(3) basis14. In the former case18 the authors studied systems
with four protons and four neutrons in the pf and sdg shells, and compared
the mainly rotational spectra obtained in a full space diagonalization of the
realistic KLS interaction with those obtained in a truncated space and a
Hamiltonian containing only quadrupole-quadrupole and spin-orbit inter-
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actions. They found that for realistic values of the parameter strengths
the overlap between the states obtained in the two calculations is always
better than (0.95)2. They also found that while additional terms in the in-
teraction change the spectrum, the wave functions remain nearly the same,
suggesting that the differences can be accounted for in a perturbative way.
Following these ideas, a truncation scheme suitable for calculations in
a SU(3) basis was worked out14. In contrast with what was done in19,
systems with both protons and neutrons were analyzed, and the interplay
of the quadrupole-quadrupole and spin-orbit interactions was emphasized,
while the pairing interaction was not included in the considerations for
building the Hilbert space.
The SU(3) strong-coupled proton-neutron basis span the complete shell-
model space, and represents an alternative way of enumerating it. In order
to define a definite truncation scheme that is meaningful for deformed nu-
clei, in14 we investigated the Hamiltonian
H = −
χ
2
Q ·Q − C
∑
i
~li · ~si (4)
where
Q = Qpi +Qν ; Qpi(ν)µ =
√
16π
5
Z(N)∑
i
r2i Y2µ(θi, φi) (5)
is the total mass quadrupole operator, which is just the sum of the proton
(π) and neutron (ν) mass quadrupole terms, restricted to work within one
oscillator shell, and ~li, ~si are the orbital angular momentum and spin of the
i-th nucleon, respectively. An attractive quadrupole-quadrupole Hamilto-
nian classifies these basis states according to their C2 values, the larger the
C2 the lower the energy. The spin-orbit operator can be written as
14
∑
i
~li · ~si = −
1
2
[
(η + 3)!
2(η − 1)!
]1/2 [
a†(η,0)1/2a˜(0,η)1/2
](1,1)L=S=1,J=0
(6)
Results for 22Ne are presented in Table 3. Modern shell-model
calculations20 exhibit more mixing of SU(3) irreps than previous ones21.
The ground-state band, often described as a pure (8,2) state, has impor-
tant mixing with the spin 1 (9,0) irrep. The J = 1 state with dominant
(6,3) L = 1, S = 0 components mixes strongly with (7, 1) S = 0 and others,
in agreement with the shell-model results.
Extensive calculation of the energy spectra and electromagnetic transi-
tions in many even-even, even-odd and odd-odd nuclei along the sd-shell22
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Table 3. Comparison of the main components of calcu-
lated wave functions for J = 0 and 1 states of 22Ne
J (λ, µ) L S Q ·Q +~l · ~s Ref.20 Ref.21
0 (8,2) 0 0 54 44 71
(9,0) 1 1 23 14 5
(6,3) 1 1 8 4
(7,1) 1 1 11 9 2
Sum 96 67 82
1 (6,3) 1 0 25 31
(6,3) 1 1 11
(6,3) 2 1 8
(7,1) 1 0 13 13
(7,1) 1 1 9
(7,1) 2 1 9
Sum 75 44
confirm that the quasi S(3) symmetry can be used as a useful truncation
scheme even when the spin-orbit splitting is large.
5. Summary and Conclusions
A quantitative microscopic description of normal parity bands and their
B(E2) intra- and inter-band strengths in many even-even and odd-mass
heavy deformed nuclei has been obtained using a realistic Hamiltonian and
a strongly truncated pseudo SU(3) Hilbert space, including in some cases
pseudo-spin 1 states.
In light deformed nuclei the interplay between the quadrupole-
quadrupole and spin-orbit interactions can be described in a Hilbert space
built up with the leading S=0 and 1 proton and neutron irreps, in the
stretched SU(3) coupling. In heavy deformed nuclei this quasi SU(3) trun-
cation scheme will allow the description of nucleons occupying intruder
single-particle orbits.
Using the pseudo + quasi SU(3) approach it should be possible to per-
form realistic shell-model calculations for deformed nuclei throughout the
periodic table.
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